
ARTICLE IN PRESS
JOURNAL OF
SOUND AND
VIBRATION
0022-460X/$ - s

doi:10.1016/j.js

�Correspond
E-mail addr
Journal of Sound and Vibration 293 (2006) 335–359

www.elsevier.com/locate/jsvi
Robust and high precision control using piezoelectric actuator
circuit and integral continuous sliding mode control design

X. Xue, J. Tang�

Department of Mechanical Engineering, The University of Connecticut, 191 Auditorium Road, Unit 3139, Storrs, CT 06269, USA

Received 9 February 2005; received in revised form 14 September 2005; accepted 4 October 2005

Available online 27 December 2005
Abstract

While piezoelectric actuators have been widely used in vibration suppression and high precision controls, their intrinsic

nonlinearity such as hysteresis, if not considered in control design, may deteriorate the system performance. In this

research, a new methodology is proposed for the high-precision and robust control using piezoelectric actuator with

hysteresis compensation. This methodology is featured by the introduction of a resistance/inductance circuit connected to

the piezoelectric actuator to form an actuator network and a new integral continuous sliding mode control (ICSMC)

algorithm. In addition to the well-known increased passive damping and active control authority, the main advantage of

the actuator network in this particular study is that the charge and/or current in the piezoelectric actuator now become

independent state variables that can be directly measured and fed back. Not only can this actuator network configuration

improve the hysteresis characterization, the control design can also be greatly simplified. With the introduction of the RL

shunt circuit, two dynamic subsystems (the mechanical structure and the electrical circuit) are formed. With these two

coupled dynamic subsystems as basis, we then develop an ICSMC scheme which combines the advantages of conventional

continuous sliding mode control and integral variable structure control. Different from the inverse cancellation of

hysteresis behavior which might not be reliable due to the measurement noise, a direct piezoelectric hysteresis

compensation is achieved using this control strategy. Detailed analysis and case studies demonstrate that this new

methodology can lead to improved precision for both tracking control and vibration attenuation, enhanced control

robustness, and smoother control action.

r 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Because of their electromechanical coupling characteristics, piezoelectric materials have been widely utilized
as actuators in such as vibration control and micro-positioning applications. Some advantages of piezoelectric
actuators include high bandwidth, compactness, and easy integration. While high precision is oftentimes also
claimed as one of the advantages, the performance of piezoelectric actuators in this regard is clearly dependent
upon the modeling accuracy and control algorithms. Until recently, most of the studies related to piezoelectric
actuators have been based upon a linear strain-field constitutive relation assumption. The presence of
ee front matter r 2005 Elsevier Ltd. All rights reserved.
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Nomenclature

A cross section area
cb uniform beam damping constant
D electrical displacement
E electrical field
Eb, Ep Young’s modulus
hp thickness of piezoelectric patch
I moment of inertia

lb, lp length
p generalized electrical displacement
Q charge flow to the piezoelectric patch
q generalized mechanical displacement
x1,xr left and right ends of piezoelectric patch
wb, wp width
rb, rp density
f beam first mode
c assumed mode for electrical displacement
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nonlinearities in the response of piezoelectric materials, however, has been well documented since the early
description of ferroelectrics [1]. The physics involved in piezoelectric theory may be regarded as a coupling
between Maxwell’s equations of electromagnetism and elastic stress equations of motion. The coupling takes
place through the piezoelectric constitutive equations. Normally, in practical applications the electrical field
(against the poling direction) applied to the piezoelectric actuator should be kept below the coercive field to
avoid depoling. Moreover, experiments have revealed that even in cases where the applied fields are not
sufficient to completely re-orient the remnant polarization in the entire actuator, a small number of domains
can still be switched [2]. Thus, both the material states and the electro-mechanical coupling are changed, giving
rise to the hysteretic strain-field behavior even at very low field level.

The hysteresis phenomenon obviously affects the piezoelectric control performance, and there has been
recent interest in modeling such behavior [3–9]. In general, the hysteresis can be characterized by using the
Preisach model [4–6] or its variant, the Maxwell resistive capacitor (MRC) model [7–9]. The Preisach model
consists of a weighted summation of an infinite number of the simplest hysteresis operator (Fig. 1), each
representing a rectangular loop in the input–output diagram. To avoid the amplification of measurement error
in the classical Preisach model (CPM) that involves the differential operation, Ge and Jouaneh proposed a
new calculation scheme, which is essentially a two-dimensional interpolation [5,6]. MRC model is composed
of a number of elasto-slide elements connected in parallel (Fig. 2(b)). Each of these elements is subject to a
Coulomb friction force. This model can represent the hysteresis relation between the force and displacement
u (t)

-1

1

���[u (t)]

� �

Fig. 1. The simplest hysteresis operator gab is a rectangular loop with an up switch at a and a down switch at b.
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Fig. 2. Schematic representation of (MRC) hysteresis model: (a) equivalent electric circuit, (b) equivalent mechanical analogy.
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[7–9]. Both Preisach model and MRC model, albeit complicated, can be used to accurately describe the
piezoelectric hysteresis [4–9]. Researchers have also attempted to model the piezoelectric hysteresis behavior
using polynomial approximation [10] and time delay process [11]. Following these modeling studies, several
control strategies have been proposed to deal with the hysteresis nonlinearity involved in piezoelectric
actuators, which include hysteresis cancellation using inverse model [12–15], feedback linearization [16], and
Smith predictor [11]. Ge and Jouaneh proposed an inverse linearized Preisach model to offset the hysteresis of
the piezoelectric actuator in the feedforward loop [12]. Similarly, based on a polynomial approximation of
hysteresis effect, an inverse polynomial was developed by several researchers to cancel the hysteresis
nonlinearity [13,15,17]. Kung and Fung developed a neural network based inverse hysteresis model [14]. Choi
et al. employed a feedback linearization technique to deal with piezoelectric hysteresis and utilized a PID/
repetitive controller to enhance the tracking performance [16]. Tsai and Chen used a Smith predictor to handle
the time delay approximation of hysteresis, and an HN controller is proposed to guarantee the robust tracking
performance [11]. In these approaches, several factors may deteriorate the control performance. For example,
very complex coupling effects exist among the stress, strain, electrical field, and electrical displacement of a
piezoelectric actuator. Thus, the hysteretic strain-field relation of the actuator actually also depends on the
electrical displacement/charge and stress which are typically treated as internal variables in the
aforementioned control designs. The estimation of these internal variables and hence the characterization
of hysteresis become extremely complicated and even unreliable in practical applications when the actuator is
bonded to a host structure and thus also undergoes deformation. Moreover, the forward physical process
(hysteresis) is usually an integral process, and in inverse modeling/cancellation methods, the differential
operation will be involved in the hysteresis inverse calculation. As a result, the inverse model obtained may not
be reliable when the hysteresis measurement data contains noise. It is worth noting that in all the hysteresis
compensation approaches mentioned above, one will inevitably have a modeling error due to the inaccurate
hysteresis modeling or its inverse and the un-modeled dynamics, etc. The control robustness, nevertheless, has
not been sufficiently addressed in these hysteresis-related studies. Tang and Wang recently explored the
piezoelectric robust control using a sliding mode theory, where the linear constitutive relation is used as the
baseline and all nonlinearities are considered as uncertainties [18]. Such approach has not utilized the progress
in hysteresis modeling, and is conservative in nature and may compromise the system control performance
especially in high precision applications.
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In the present study, we develop a new methodology for the robust and high precision control using
piezoelectric actuator with hysteresis compensation. The MRC model is employed to characterize the
piezoelectric hysteresis, where experimental data from the open literature [9,19] are used. Without loss of
generality, a cantilevered beam bonded with a piezoelectric actuator is used to illustrate the control strategy
(Fig. 3). In this approach, a resistor/inductor (RL) shunt circuit is connected in series with the piezoelectric
actuator to form an actuator network. In addition to the increased passive damping and active control
authority [20], the main advantage of this actuator network is that the charge and/or current in the
piezoelectric actuator now become independent state variables that can be directly measured and fed back.
Not only can this actuator network configuration improve the hysteresis characterization accuracy, the
control design can also be greatly simplified. With the introduction of the RL shunt circuit, the controlled
system now consists of two coupled second-order dynamic subsystems, the mechanical subsystem and the
electrical subsystem, whereas the nonlinearity only appears explicitly as a function of the electrical charge.
This nonlinear dynamic system can be readily cast into the standard state-space form, and we then develop an
integral continuous sliding mode control (ICSMC) which combines the advantages of conventional
continuous sliding mode control (CSMC) [21] and integral variable structure control (IVSC) [22]. This
approach can directly compensate the piezoelectric hysteretic nonlinearity. Detailed analysis and case studies
demonstrate that this new methodology can lead to improved precision for both tracking control and
vibration attenuation, enhanced control robustness, and smoother control action.

2. Hysteretic behavior of piezoelectric material and system modeling

Piezoelectric materials are ferroelectric, and their displacement responses to an applied electrical field are
intrinsically nonlinear. The physical explanation of this phenomenon provided by Chen and Montgomery [23]
shows that the effective number of dipoles aligned in the direction of the applied field changes over time as
domains switch under the action of an external electric field. This essentially gives rise to the hysteresis
behavior (Fig. 4).

2.1. Piezoelectric hysteresis characterization

The Preisach model basically is the continuous analog of a finite parallel connection of relays. Generally,
two aspects of nonlinearities are involved in hysteretic behavior [4]: one is the hysteretic nonlinearity with local
memory where the future output depends only on the future input; the other is the hysteretic nonlinearity with
non-local memory where the future output depends not only upon the current output and future input but also
on the past history of input switching values [5]. When used to describe the piezoelectric hysteresis, the CPM
can be written as [4–6]

wðtÞ ¼
ZZ
aXb

mða; bÞgab½uðtÞ�dadb, (1)
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Fig. 4. Hysteresis loop of a piezoelectric actuator.
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where wðtÞ is the displacement response of the piezoelectric actuator, u(t) is the input voltage, m(a, b) is a
weighting function, gab is the hysteresis relay operator whose value is determined by the input operation , and
a and b represent ‘‘up’’ and ‘‘down’’ switching values of the input (Fig. 1). In order to calculate the
displacement response, the weighting function m(a, b) needs to be known, which is traditionally calculated by
differentiating the Preisach function Gða0;b0Þ in the following manner [5]:

mða0;b0Þ ¼ �
q2Gða0;b0Þ
qa0 qb0

, (2)

where Gða0; b0Þ, which can be obtained from experimental data, represents the change in the hysteresis loop of
displacement response when the input voltage u(t) changes from a0(orb0) to b0(or a0) (Fig. 4). As the
experimental data usually contains measurement noise, the differential operation in Eq. (2) will amplify the
error. As a result, the model might not be reliable. To bypass the differential operation, Ge and Jouaneh
proposed a new calculation scheme which is implemented through the two-dimensional interpolation using
experimental data [5,6]. A typical hysteretic response under a decaying sinusoidal input excitation described by
the CPM model is shown in Fig. 4. It is worth noting that the trajectory shows a jump (discontinuous point) at
the switching point due to the interpolation variables switching from b (or a) to a (or b).

The hysteresis behavior can also be modeled using the MRC representation [7–9], which consists of a
number of elasto-slide elements subject to Coulomb friction connected in parallel (Fig. 2(b)). If the element
number becomes infinite, the model is referred to as generalized Maxwell slip. This model can be extended to
its electrical analogy to represent the piezoelectric hysteresis behavior (Fig. 2(a)). By introducing a parameter g
to account for a reversible nonlinear stiffness effect (Fig. 2(b)), Lee and Royston extended the MRC model [9],
which is represented as

wðtÞ ¼
Xn

i¼1

EðiÞrc , (3a)

where

EðiÞrc ¼

bTðiÞ33 ½1þ gðD3 �D
ðiÞ
b Þ�ðD3 �D

ðiÞ
b Þ; if bTðiÞ33 ½1þ gðD3 �D

ðiÞ
b Þ�ðD3 �D

ðiÞ
b Þ

��� ���oeðiÞrc ;

eðiÞrc sgn½
_D3� and D

ðiÞ
b is subject to bTðiÞ33 ½1þ gðD3 �D

ðiÞ
b Þ�ðD3 �D

ðiÞ
b Þ

��� ��� ¼ eðiÞrc otherwise:

8>><
>>: (3b)
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Correspondingly, bT33, eN , m, erc and Db are, respectively, the electrical analogies to the mechanical spring
stiffness, normal force, Coulomb friction coefficient, Coulomb friction force, and the displacement from the
equilibrium position of a massless box (Fig. 2(b)). Here n is the number of massless boxes.

Both CPM and MRC have been successfully utilized for the modeling of piezoelectric hysteresis [5–9]. It is
worth mentioning that the new control strategy developed in this research does not particularly depend upon a
specific hysteresis model, i.e., either CPM (Eq. (1)) or MRC (Eq. (3)) or other hysteresis models can be inserted
into the control design. Without loss of generality, in what follows we use MRC to demonstrate the control
design.

2.2. Nonlinear dynamic model of a cantilevered beam integrated with a piezoelectric actuator circuit

The purpose of this paper is to develop a new control strategy for the robust and high precision control
using piezoelectric actuator with hysteresis compensation. To illustrate the system development, we use a
cantilevered beam as an example for control design (Fig. 3). The control objective could be tracking control or
vibration suppression. For the beam problem, the following linear piezoelectric constitutive relation has been
widely used [24]:

S1 ¼ sD
11T1 þ g31D3; E3 ¼ �g31T1 þ bT33D3, (4a,b)

where ‘‘1’’ is the longitudinal direction, ‘‘2’’ the width direction, ‘‘3’’ the transversal direction (Fig. 3), S the
strain, T the stress, D the electrical displacement, and E the electrical field [24]. Here it is usually assumed that
the stress components at the beam width direction and at the transversal direction are both zero, and the in-
plane components of the electrical displacement and electrical field are all zero, i.e., T3 ¼ T2 ¼

D1 ¼ D2 ¼ E1 ¼ E2 ¼ 0. It is well known that the electrical field (against the poling direction) applied to
the piezoelectric actuator should be kept below the coercive field to avoid depoling. Recent studies have
revealed, however, that even in cases that the applied fields are not sufficient to completely re-orient the
remnant polarization in the entire actuator, a small number of domains can still be switched. Thus, both the
material states and the electro-mechanical coupling are changed, giving rise to the hysteretic strain-field
behavior even at very low field level. A number of experimental observations show that the electrical
displacement D and electrical field E exhibits a strong hysteretic behavior [7,9,19,25,26]. Under zero stress T,
while the applied electrical displacement D versus strain S relation is reversible (without hysteresis), the
applied electrical field E versus S is not. It has been identified that the mechanical stress–strain relation under
constant electrical displacement is reversible, but this relation under constant electrical field is hysteretic [7]. In
addition, the relation between the applied stress and the electrical displacement is hysteretic [27–29]. In order
to account for all these characteristics, a nonlinear term should be introduced to the original linear constitutive
relation [9]. It is worth mentioning that the Poisson’s ratio of the piezoelectric actuator is generally different
from that of the beam and, consequently, the stress component T2 is not zero. Combining all above
observations, we can get the following relation for a piezoelectric actuator [9]:

T1 ¼ c̄D
11S1 � h31D3; E3 ¼ �g31ðc̄

D
11 þ c̄D

12ÞS1 þ 2h31g31D3 þ fb
T
33D3g, (5a,b)

where c̄D
11 ¼ cD

11 � npcD
13 and c̄D

12 ¼ cD
12 � npcD

23, and the Poisson’s ratio of the piezoelectric material is
np ¼ �S3=S1. In Eq. (5b), {} is the hysteresis operator and fbT33D3g denotes the hysteresis effect, which can be
either the MRC model, CPM model or other nonlinear models.

The mathematical model of a cantilevered beam integrated with a piezoelectric actuator is developed under
the following assumptions: (1) the bonding between the beam and the piezoelectric actuator is perfect, i.e., the
beam and the actuator have the same displacement at the bonding location; (2) the poling direction of the
piezoelectric actuator is in the positive transversal direction of the beam; (3) the piezoelectric actuator is thin
and short compared to the beam.

The system equations can then be derived using Hamilton’s principle and the assumed mode method. In this
study, we use a single mode, the dominant beam mode, for discretization. The transversal displacement of the
beam can be expressed as

wðx; tÞ ¼ fðxÞqðtÞ, (6)
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where f is the first mode of the cantilevered beam without the piezoelectric patch, and q is the generalized
mechanical displacement. We can then obtain the system equations (see Appendix A for details)

m €qþ g _qþ kqþ k1Q ¼ Fm; k2Qþ k3qþ f ðQÞ ¼ Va, (7a,b)

where m is the equivalent mass, q the generalized mechanical displacement, g the beam equivalent damping, k

the equivalent stiffness, k1 and k3 the cross coupling coefficients, Fm the external disturbance force, Q the
charge flow to the piezoelectric actuator, k2 the inverse of capacitance of the piezoelectric actuator, hp the
actuator thickness, and Va the voltage across the piezoelectric actuator. It is worth emphasizing that f ðQÞ ¼

hpfb
T
33Qg is a nonlinear function of Q and reflects the hysteresis behavior.

Observe Eqs. (7a,b) and note that the input voltage across the piezoelectric actuator is Va. When the
hysteresis effect f(Q) is neglected, one can combine the mechanical (dynamic) Eq. (7a) and the electrical (static)
Eq. (7b) together by eliminating the generalized electrical coordinate Q. The presence of piezoelectric
hysteresis, however, rules out the possibility of mathematically eliminating Q. The main difficulty in
developing a control algorithm for the nonlinear system described by Eqs. (7a,b) appears to be that the second
equation is a static one that contains an extremely complicated nonlinear term that is possibly subjected to
modeling error and uncertainties.

In literature, a variety of control approaches have been proposed to deal with the piezoelectric nonlinear
behavior with different complexity of hysteresis models [10–17]. One approach is based upon the inverse
hysteresis modeling in the feedforward controller, and a feedback is used to regulate the output error.
Polynomial approximation and neural network were employed to model the inverse hysteresis [13–15,17].
Another approach used is the traditional feedback linearization [16]. Based on a time delay model, a Smith
predictor is employed to compensate the hysteresis nonlinearity [11]. In these approaches, several factors may
deteriorate the control performance. For example, the forward physical process (hysteresis) is usually an
integral process, while in inverse modeling/cancellation methods the differential operation will be involved in
the hysteresis inverse calculation. As a result, the inverse model obtained may not be reliable when the
hysteresis measurement data contains noise. In addition, typical inverse design approach treats the hysteresis
and structural dynamics separately, i.e., the hysteresis is decoupled from structural dynamics. Such separation,
however, is difficult to achieve in the practical measurement of piezoelectric actuation. It is worth mentioning
that most of the aforementioned approaches were developed for piezoelectric stack actuator where the motion
of the actuator is along the poling direction. The case of piezoelectric patch actuator that is being discussed in
this research generally has more complicated nonlinear coupling effect.

In this research, we propose a different approach for dealing with the piezoelectric hysteresis by introducing
dynamics to the electrical part of the controlled system. Here we use the idea of shunting the piezoelectric
actuator with an RL circuit [20,30], as shown in Fig. 3. The system equations then become (see Appendix A)

m €qþ g _qþ kqþ k1Q ¼ F m, (8a)

L €Qþ R _Qþ k2Qþ k3qþ f ðQÞ ¼ Vi, (8b)

where L and R are the inductance and resistance, respectively, and Vi is the control input. Observe Eqs. (8a)
and (8b) and compare them with Eq. (7a,b). Cleary, the main advantage of introducing dynamics to the
piezoelectric actuator is that the charge and/or current in the piezoelectric actuator now become independent
state variables that can be directly measured and fed back [20,30]. Not only can this actuator network
configuration improve the hysteresis characterization accuracy, the control design can also be greatly
simplified. With the introduction of the RL shunt circuit, the controlled system now consists of two coupled
second-order dynamic subsystems, the mechanical subsystem (8a) and the electrical subsystem (8b), whereas
the nonlinearity only appears explicitly as a function of the electrical charge. As will be shown later, this
nonlinear dynamic system can be readily cast into the standard state-space form, and one may then use
various nonlinear control methods to handle the hysteresis problem. It should be noted that the
aforementioned piezoelectric actuator network configuration has also shown improved passive damping
and active control authority. Under the linear constitution relation assumption, one may find optimal
resistance and inductance values for the maximum damping and/or active authority amplification [20,30].
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Fig. 5. Hysteresis behavior (MRC) of a piezoelectric actuator due to the free vibration of cantilever beam.

Table 1

MRC parameters of a monolithic piezoelectric actuator [8]

bTðiÞ33 � 10�6 0.30868 0.23188 0.18356 0.41700 1.67796

eðiÞrc
0.08996 0.13515 0.16048 0.16529 1

Table 2

System parameters used in simulation [8,18]

lb ¼ 0:3m wb ¼ 0:0381m hb ¼ 0:003175m

rb ¼ 7:8335� 103 kg=m3
Eb ¼ 1:9818� 1011 N=m2 Cb ¼ 2:0576

wp ¼ 0:0343m hp ¼ 0:000267m xl ¼ 0:02m
xr ¼ 0:0724m rp ¼ 7:8� 103 kg=m3

Ep ¼ 6:2� 1010 N=m2

h31 ¼ �1:35� 109 V=m g31 ¼ �9:5� 10�3 Vm=N c̄D
11 ¼ 10:64� 1010 N=m2

c̄D
12 ¼ �5:68� 1010 N=m2 L ¼ 76h R ¼ 3090O
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Throughout this paper, without loss of generality, the inductance L and resistance R are chosen in such a
manner that they yield the maximum vibration damping/absorbing under passive situation [20].

The piezoelectric hysteresis effect f(Q) in Eq. (8) (illustrated in Fig. 3) is demonstrated in Fig. 5, where an
initial velocity is imposed on the tip of the beam with both external disturbance Fm and input voltage Vi being
zero. Here we use the MRC model in the simulation, and all system parameters are listed in Tables 1 and 2.

3. Integral continuous sliding mode control (ICSMC) design

System (8) can be readily cast into the standard state-space form

_x ¼ Ax� Bf ðx3Þ þ BuþDF m, (9)
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where

xT ¼ ½x1 x2 x3 x4 �
T ¼ ½ q _q Q _Q �T, (10a)

A ¼

0 1 0 0

�
k

m
�

g

m
�

k1

m
0

0 0 0 1

�
k3

L
0 �

k2

L
�

R

L

2
6666664

3
7777775
, (10b)

BT ¼ 0; 0; 0;
1

L

� �T
; DT ¼ 0;

1

m
; 0; 0

� �T
, (10c,d)

where u represents the control input V i. Its worth mentioning that all the system parameters are subject to
uncertainties. In this paper, full state feedback is assumed. For system (9), various nonlinear control methods
could be implemented. While the traditional feedback linearization technique is straightforward, parameter
uncertainties of the system and modeling error/uncertainty on the hysteresis effect might deteriorate the
control performance. In this study, we develop an ICSMC that is improved from conventional CSMC [21] and
IVSC [22]. This method can directly deal with the hysteresis nonlinearity in forward cancellation, and also
allows us to implement cubic state feedback which improves the system robustness as compared with IVSC.

The unique feature of the variable structure control is that the desired system dynamics with required
performances (static and dynamic characteristics) can be designed using a sliding manifold [31,32]. The
designed system dynamics is generally of lower order than the original system. Once the reduced order system
with the sliding manifold is provided, a variable structure control action, which consists of the equivalent
control action and the switching control action, is developed so that the switching control action constraints
the system to follow the designed sliding manifold while the equivalent control action controls the
performance of the reduced order dynamic system. Therefore, a typical variable structure control design
consists of two modes, the reaching mode and the sliding mode [31,32]. For the reaching mode, the control
action is to force the response of the system to reach the sliding manifold in finite time. Once it enters the
sliding manifold, the response of the system will be constrained to follow the sliding manifold and approach
the steady state. Consequently, the performances of the system will depend on not only the reaching mode but
also the characteristics of the sliding manifold. One of the fundamental requirements of the sliding manifold
definition is that the system dynamics should be stable and have robustness once it enters the sliding motion,
so that the system can finally reach the zero point (the steady state of the system). While the traditional
manifold design using linear combination of system states can meet certain performance requirement such as
robust stability, it is difficult to satisfy the tracking performance when the system is required to follow a
reference input signal [22,33]. The integral control (based on internal model principle), as an effective
approach of eliminating errors, has been widely employed in tracking control [34]. The combination of
integral control and variable structure control, which leads to the IVSC, was first proposed to control the
electrohydraulic velocity servosystems [22], and then generalized to an MIMO system [33]. Essentially, the
integral of the tracking error is used in the definition of the sliding manifold. On the other hand, the control
action of traditional variable structure is discontinuous in nature due to the switching control at the reaching
mode, which leads to the chattering phenomenon and in turn may trigger the high frequency un-modeled
dynamics. To improve, Zhou and Fisher developed a CSMC [21]. This approach retains the positive properties
such as robustness and disturbance rejection capability of traditional variable structure control, and in the
meantime uses a continuous control law to completely eliminate the chattering problem on the other.
However, this CSMC cannot be directly applied when the system is commanded to track a reference signal.

In what follows, we develop an ICSMC, which is a combination of CSMC and ISVC. This approach can
directly deal with both the tracking problem and the hysteresis nonlinearity, which keeps the merits of CSMC
such as robustness and continuous control action as long as the reference signal is continuous.
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3.1. Determination of control action

We define

z ¼

Z t

0

½rd � fðlÞx1�dt, (11)

where rd is the reference input signal, and l the beam length. Clearly, z indicates the tracking error between the
command input signal and the actual beam tip displacement. The block diagram of the ICSMC to minimize z

is shown in Fig. 6. We then define the sliding manifold as [22,33]

s ¼
X4
i¼1

cixi þ c5

Z
½rd � fðlÞx1�dt¼CTxþ c5

Z
½rd � fðlÞx1�dt (12)

where C ¼ ½c1; c2; c3; c4�
T. Essentially, the sliding manifold is a linear combination of the system states and the

tracking error term.
In order to compensate the piezoelectric hysteresis and attenuate the external disturbance, here we propose

the following control action for system (9):

u ¼ �Kxþ f̂ ðx3Þ � ud , (13)

where K ¼ ½K1;K2;K3;K4� denotes state gain, f̂ is the hysteresis estimation, and ud is the disturbance rejection
term. As will be shown later, this control action actually leads to a cubic state feedback. Therefore, once the
states move away from the sliding manifold, the proposed ICSMC will provide more powerful control and
faster reaction due to its cubic feedback nature. It is still worth mentioning that, following along the similar
approach developed in Ref. [21] for nonlinear systems, one may end up with a feedback control that is of first
or second order, which, in general, leads to less efficient control actions.

We now apply the reaching condition

s_so0. (14)

Recalling Eqs. (13) and (9), and assuming CTBa0 with a constant sign (e.g., CTB40), we obtain

s_s ¼ sfCT _xþ c5½rd � fðlÞx1�g ¼ sCTBf½a� K �xþ ½bþ gc5rd � ud �g, (15)

where

a ¼ ðCTBÞ�1ðCTA� AfÞ ¼ ½a1; a2; a3; a4�, (16a)

b ¼ ðCTBÞ�1CTDFm þ Df ; g ¼ ðCTBÞ�1, (16b,c)

Af ¼ ½c5fðlÞ; 0; 0; 0�; Df ¼ f̂ ðx3Þ � f ðx3Þ. (16d,e)

Denote

āi ¼
sup ai þ inf ai

2
; i ¼ 1; 2; 3; 4 (17)
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b̄ ¼
sup bþ inf b

2
; ḡ ¼

sup gþ inf g
2

; B̄ ¼
sup Bþ inf B

2
. (18220)

Using Eq. (20), we have

CTB ¼ eðCTB̄Þ; 0oep1. (21)

In order to satisfy the reaching condition (14), we may choose the control parameters

Ki ¼ āi þ ðsup ai � āi þ diÞ
sCTB̄xi

l
; di40; i ¼ 1; 2; 3; 4, (22)

ud ¼ b̄þ ḡc5rd þ f½sup b� b̄� þ ð~g� ḡÞc5rd þ ddg
sCTB̄

l
; dd40, (23)

where

~g ¼
sup g when c5rd40;

inf g when c5rdo0

(
(24)

and l, di (i ¼ 1; 2; 3; 4) and dd are design parameters. Indeed, l is the boundary layer thickness of the sliding
manifold [21].

Substituting Ki and ud into Eq. (15), we obtain

s_s ¼ sCTB
X4
i¼1

½ðai � āiÞ � ðsup ai � āi þ diÞsCTB̄xi=l�xi

(

þ½ðb� b̄Þ þ ðg� ḡÞc5rd � � ½ðsup b� b̄Þ þ ð~g� ḡÞc5rd þ dd �sCTB̄=l

)
. ð25Þ

Combining Eqs. (25) and (21) yields

s_s ¼ e
X4
i¼1

½ai � āi�sCTB̄xi þ ½ðb� b̄Þ þ ðg� ḡÞc5rd �sCTB̄

(
�
X4
i¼1

ðsup ai � āi þ diÞðsCTB̄xiÞ
2 1

l

�½ðsup b� b̄Þ þ ð~g� gÞc5rd þ dd �ðsCTB̄Þ
1

l

�
. ð26Þ

One can see from the above equation that the reaching condition (14) is guaranteed if the following
conditions are satisfied:

sCTB̄xi

�� ��4l; i ¼ 1; 2; 3; 4, (27)

sCTB̄
�� ��4l. (28)

Observe Eqs. (13), (22) and (23). One may see that the proposed control action will cancel the hysteresis
effect and also achieve a cubic order state feedback. It is worth mentioning that the control action of Eq. (13)
with parameters given in Eqs. (22) and (23) is continuous as long as the reference input rd is a continuous
signal. If the reference signal has discontinuity (e.g., a step input), the control action will correspondingly be
discontinuous. However, in the overall control action shown in Eq. (13), the effect of reference input rd only
appears as a linear term (see Eq. (23)). Compared to the cubic state feedback (the first term in the right hand
side of Eq. (13)), one may envision that the control action corresponding to a reference discontinuity will have
a relatively small effect on the overall control action. This will be further illustrated in the simulations that
follow. In comparison, the conventional IVSC [22,33] (see Appendix C) uses a linear state feedback and, as a
result, the discontinuous effect will be more significant. In addition, the switching control also could play its
role at this discontinuous point, i.e., attempting to confine the states within the boundary layer of the sliding
manifold, which will intensify the discontinuity of control action. It is clear that the control action of ICSMC
will be smoother than that of the conventional IVSC under the same discontinuous reference input. The
detailed comparisons will be provided in the simulation section.
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3.2. Manifold coefficients determination and tracking performance analysis

It is often recognized that s ¼ 0 when the system enters the sliding manifold [22,31–33]. However, generally
sa0 because of the non-zero boundary layer thickness and the tracking error. Here we set s ¼ dðtÞ, where jdðtÞj
is less than the boundary layer thickness, when the system is confined within the boundary layer of sliding
manifold. The system reaches the steady state when dðtÞ approaches to a small constant value, e.g., dc.
Combining Eqs. (9), (11) and (12), we obtain

_̄x ¼ Asmx̄þ Bsm

rd

Fm

" #
; y ¼ Csmx̄, (29a,b)

where

x̄ ¼

x1

x2

x3

z�
c4

c5
dc

2
6666664

3
7777775
; Asm ¼

0 1 0 0

�
k̂

m̂
�

ĝ

m̂
�

k̂1

m̂
0

�
c1

c4
�

c2

c4
�

c3

c4
�

c5

c4

�fðl̂Þ 0 0 0

2
666666664

3
777777775
,

Bsm ¼

0 0

0
1

m̂

0 0

1 0

2
6666664

3
7777775
; Csm ¼ ½fðl̂Þ 0 0 0 �.

Clearly, the system dynamics within the boundary layer is determined by ci, i ¼ 1; . . . ; 5. The determination
of ci should lead to: (1) stability of (29) and (2) tracking performance and external disturbance attenuation
capability.

In order to satisfy the stability requirement, the eigenvalues of matrix A should all have negative real parts.
The standard pole placement approach can be employed to determinate the values of ci, i ¼ 1; . . . ; 5 [22,33].
Taking the Laplace transform of system (29) under zero initial conditions yields

Y ðsÞ ¼

k̂1

m̂
fðl̂Þ c5

c4
RdðsÞ þ s2 þ c3

c4
s

� �
fðl̂Þ
m̂

FmðsÞ

s4 þ ĝ
m̂
þ c3

c4

� �
s3 þ k̂

m̂
þ

ĝ
m̂

c3
c4
� k̂1

m̂
c2
c4

� �
s2 þ � k̂1

m̂
c1
c4
þ k̂

m̂
c3
c4

� �
sþ k̂1

m̂
fðl̂Þ c5

c4

¼ Grd yðsÞRd ðsÞ þ GFmyðsÞFmðsÞ. ð30Þ

The characteristic equation of the sliding mode dynamics is given as

s4 þ
ĝ

m̂
þ

c3

c4

� �
s3 þ

k̂

m̂
þ

ĝ

m̂

c3

c4
�

k̂1

m̂

c2

c4

 !
s2 þ �

k̂1

m̂

c1

c4
þ

k̂

m̂

c3

c4

 !
sþ

k̂1

m̂
fðl̂Þ

c5

c4
¼ 0. (31)

Let the desired characteristic equation under the desired eigenvalues oi (i ¼ 1; . . . ; 4) be

Y4
i¼1

ðs� oiÞ ¼ s4 þ s1s3 þ s2s2 þ s3sþ s4 ¼ 0. (32)

Comparing Eqs. (31) and (32), we obtain the following sliding manifold coefficients:

c1

c4
¼ �

k̄

k̄1

ḡ

m̄
� s1

� �
�

m̄

k̄1

s3;
c1

c4
¼ �

m̄

k̄1

s2 þ
k̄

k̄1

�
ḡ

k̄1

ḡ

m̄
� s1

� �
, (33a,b)
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c3

c4
¼ �

ḡ

m̄
þ s1;

c5

c4
¼

m̄

k̄1fðlÞ
s4, (33c,d)

where the over-bar indicates the nominal value of the corresponding parameter. Without loss of generality, we
may set c4 ¼ 1, and the rest of ci can be solved from Eq. (33).

When all the desired eigenvalues are placed in the left-hand side of the complex plane, the stability of
Eq. (29) is guaranteed. In order to satisfy the tracking performance, we may use the final value theorem

lim
t!1

yðtÞ ¼ lim
s!0

sY ðsÞ ¼ lim
s!0

s½Grd yðsÞRdðsÞ þ GFmyðsÞFmðsÞ�. (34)

Assume that both the reference rd and the external disturbance Fm are step signals. By virtue of Eq. (30), we
have

lim
t!1

yðtÞ ¼ lim
s!0

sGrd yðsÞ
rd

s
þ sGFmyðsÞ

F m

s

� �
¼ rd þ 0F m. (35)

Clearly, we can achieve zero steady-state tracking error and completely reject the external disturbance for
step signals.

The above analysis provides a theoretical explanation of system tracking and disturbance attenuation
capability for special input and external disturbance (both being step signals). In practical situation, both
input signal and external disturbance could be more complicated. It has been mentioned that once the system
is confined in the sliding manifold, the performance will depend on the manifold design. From Eq. (30), one
can see that the transfer function from inputs (for both reference signal and disturbance) to output is strictly
proper. If the poles of Eq. (30) are placed in the open left-hand side of the complex plane, the magnitude of the
transfer function after cutoff frequency will roll off. Typical transfer functions of the sliding manifold are
illustrated in Fig. 7. In other words, the transfer function from the reference input signal to the output has low-
pass filter characteristic, while the transfer function from the disturbance to output plays an attenuation role.
These characteristics of sliding manifold are expected, because generally the tracked reference signal is in low-
frequency band while the disturbance signal is in high-frequency band.
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4. Simulation results and discussion

In this section, we carry out analyses on the beam structure shown in Fig. 3 to illustrate the control design
and demonstrate the system performance. We first compare the proposed ICSMC with a regular optimal
control, to verify the hysteresis cancellation performance of the former. We then compare the ICSMC with
conventional CSMC and IVSC under a variety of operating conditions to confirm the performance
improvement in terms of tracking accuracy, robustness and control action smoothness. The system parameters
used in the analyses are listed in Tables 1 and 2.

4.1. Comparison with respect to LQR on hysteresis compensation

If one uses a linear constitution relation for the piezoelectric actuator (such as the one shown in Eq. (4)),
after introducing the shunt circuit one will end up with a linear system that is similar to the one described by
Eq. (8) except that the nonlinear hysteresis effect f(Q) does not appear. In that sense, one may treat the
hysteresis effect in Eq. (8) as disturbance/noise, and resort to linear control algorithms such as linear optimal
control (LQR) for control development. It is worth mentioning that the piezoelectric hysteresis could explicitly
be treated as disturbance/noise, only after we introduce the shunt circuit. Meanwhile, using linear control
algorithms is indeed a very natural choice in most of the applications so far, when one neglects the
nonlinearity in piezoelectric constitutive relation. In order to illustrate the hysteresis effect and demonstrate
the system performance improvement due to ICSMC, in this first case study we compare the proposed ICSMC
with a conventional LQR where the hysteresis nonlinearity is not considered in control design and only treated
as a disturbance. Here the reference signal is assumed to be a sinusoid signal. In order to obtain a fair
comparison, we adjust the weightings in the LQR design so that the peak control voltage requirements for
both controllers are the same under zero external excitations. The simulation results are shown in Fig. 8.
Compared to the reference signal, the beam displacement exhibits a significant delay under LQR control,
which is obviously caused by the hysteresis that is treated as a disturbance in the LQR design. ICSMC, on the
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other hand, leads to a very fast controlled response and much reduced delay, due to the hysteresis
compensation explicitly incorporated into the control development as well as the cubic feedback. Most
importantly, ICSMC significantly reduces the tracking error. As shown in Fig. 8, ICSMC has a 10% peak
tracking error as compared to the 25% tracking error under LQR. This example clearly shows the negative
effect of piezoelectric hysteresis under linear system assumption, and demonstrates the necessity of hysteresis
compensation for high-precision control.

4.2. Comparison with respect to CSMC and IVSC on robustness and control action smoothness

One important feature of the proposed ICSMC is that it has improved tracking performance and control
action smoothness as compared to other nonlinear controls such as CSMC and IVSC. In what follows we
demonstrate the performance improvement in this regard. We assume the system described by Eq. (8) has the
following bounds of uncertainties due to modeling error:

jDmjpm� 10%; jDgjpg� 10%; jDkjpk � 10%; jDk1jpk1 � 10%,

jDLjpL� 10%; jDRjpR� 10%; jDk2jpk2 � 10%; jDk3jpk3 � 10%.

In all following case studies, the piezoelectric hysteresis is modeled and included in control development and
in the analyses. We also assume that the bounds for the parameters related to the hysteresis modeling (listed in
Table 1) are 20%.

The detailed derivation of CSMC approach is outlined in Appendix B. The control parameters of CSMC
(listed in Table 3) are chosen in a manner such that the system can follow the command step signal when
external disturbance is absent. Here the reference input is a step signal with magnitude rising from 0 to 10 mm
at 0.1 s. We then apply an external disturbance that is also a step signal with magnitude rising from 0 to
100 mN at 2.5 s. The control result under CSMC is shown in Fig. 9. Clearly, the beam tip displacement can
indeed follow the command signal from 0 to 2.5 s when the external disturbance is absent. Once the external
step disturbance is imposed onto the system, however, CSMC fails to eliminate the tracking error. The control
voltage input is also illustrated in Fig. 9. Corresponding to the reference signal step-up, the control input has a
very large jump at 0.1 s. In practical situation, the control input voltage will saturate before it reaches such
large magnitude. Under the assumption that the saturation voltage is 780V, the control result is shown in
Fig. 10. Obviously the chattering phenomenon is present due to the saturation of control input voltage, and
the system performs very badly. This second case study clearly demonstrates the limitation of CSMC in terms
of the command signal tracking under disturbance.

It is generally recognized that IVSC is suitable for robust tracking control [22,33]. In the third case study, we
compare the proposed ICSMC with IVSC (see Appendix C for derivations) under various operating
conditions. In order to obtain a fair comparison, we use the same coefficients of sliding manifolds for both
controllers. The other control parameters are selected in such a manner that the control voltage input and tip
displacement of ICSMC are very close to those of IVSC under the condition that both reference input and
Table 3

Parameters of CSMC

Parameter Value Parameter Value Parameter Value

ā1 �6:5813� 107 d1 0.1 inf g �8:8485� 107

ā2 3:6869� 104 d2 0.1 t̄ �4:1234� 105

ā3 2:9569� 108 d3 0.1 sup t �3:7110� 105

ā4 2:6307� 105 d4 0.1 inf t �4:5357� 105

sup a1 �4:8459� 107 dd 0.1 c1 5418.9

sup a2 4:0644� 104 b̄ 1.4764 c2 1.4623

sup a3 3:9934� 108 sup b 2.9528 c3 3497.8

sup a4 2:8999� 105 ḡ �6:8472� 107 c4 1

l 8:1� 10�4 sup g �4:8459� 10�4
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external disturbance are step signals. The control parameters are listed in Tables 4 and 5, respectively. The
reference signal and disturbance situation are the same as assumed in the previous case study.

From Fig. 11, we can see that both IVSC and ICSMC can follow the step command input and reject the
external step disturbance. Further inspection of the control voltage input (shown in Fig. 12) shows that IVSC
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Table 4

Parameters of IVSC

Parameter Value Parameter Value Parameter Value

c1 23.174 c4 1 x0 20

c2 1.2 c5 �3959.7 x1 100

c3 3581.8 Z 42688

Table 5

Parameters of ICSMC

Parameter Value Parameter Value Parameter Value

ā1 �4:8345� 106 l 10�5 ḡ 76.092

ā2 1:5651� 103 d1 0.1 sup g 83.702

ā3 2:4198� 108 d2 0.1 inf g 68.483

ā4 2:6946� 105 d3 0.1 c1 23.174

sup a1 �3:5498� 106 d4 0.1 c2 1.2

sup a2 1:7937� 103 dd 0.1 c3 3581.8

sup a3 3:2713� 108 b̄ 1.2119 c4 1

sup a4 2:9702� 105 sup b 2.4237 c5 �3959.7
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Fig. 11. IVSC and ICSMC comparison: (a) control performance, (b) control voltage; ———, reference signal; - - - - - - - -, IVSC; – – –,

ICSMC.
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exhibits control voltage sudden change at 0.1 s when the command signal has a sudden jump. It is worth
mentioning that in the IVSC design, we have already incorporated a modified proper continuous function to
alleviate the chattering phenomenon [22]. The current simulation is under single mode discretization, and thus
the sudden and drastic change of control voltage does not lead to significant tracking performance
deterioration. Nevertheless, it can be envisioned that in practical implementation where the beam has infinitely



ARTICLE IN PRESS

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-5

0

5

10

IV
S

C
 C

on
tr

ol
 (

V
)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-5

0

5

10

Time (s)

IC
S

M
C

 C
on

tr
ol

 (
V

)

(a)

(b)

Fig. 12. Control voltage comparison: (a) IVSC, (b) ICSMC; - - - - - - - -, IVSC; – – –, ICSMC.

X. Xue, J. Tang / Journal of Sound and Vibration 293 (2006) 335–359352
many degrees of freedom, such voltage chattering would trigger the high frequency un-modeled dynamics. The
control action of ICSMC, on the other hand, is much smoother than that of IVSC as expected. At 0.1 s,
the control voltage of ICSMC still exhibits a small discontinuity due to the reference jump. However, the
magnitude is very small as compared to that of IVSC. After a step external disturbance is imposed onto the
system at 2.5 s, both IVSC and ICSMC can eliminate the tracking error and their control voltage inputs are
similar.

Fig. 13 illustrates a square wave tracking control comparison between IVSC and ICSMC. A Gaussian
random is added to the system as an external disturbance. Both IVSC and ICSMC can follow the square wave.
Once again, the control input of IVSC shows large jumps at changing edges of square wave. Close inspection
of the beam tip displacement shows that ICSMC has better control robustness as compared to IVSC under the
same random disturbance. In order to more clearly demonstrate the random disturbance attenuation, we
present another case study in Fig. 14, where the reference input is set to be zero and the system is under
Gaussian random disturbance. This is a typical case of vibration suppression. It is obvious from Fig. 14 that
ICSMC has much improved disturbance attenuation capability than IVSC, which is due to the cubic state
feedback that can respond faster and more effective at early stage when the beam tip is disturbed away from
the zero position. Fig. 15 illustrates another beam vibration attenuation comparison. In this case, an initial
velocity is imposed on beam tip, and external disturbance is still Gaussian random noise. Both IVSC and
ICSMC show good vibration attenuation capability, but the result of ICSMC is better than that of IVSC.
ICSMC has smaller over-shoot and requires less time to reach steady state.
5. Conclusion

In this research, a robust and high precision control methodology is developed for a piezoelectric actuator
with hysteresis compensation. An RL shunt circuit is introduced to the piezoelectric actuator to form an
actuator network, which leads to two coupled dynamic sub-systems that can be cast into standard state-space
format for control development. With this actuator circuit configuration, the charge and/or current in the
piezoelectric actuator now become independent state variables that can be measured and fed back, which
enables a direct hysteresis compensation.
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An ICSMC scheme, which combines the advantages of conventional CSMC and IVSC, is then developed
and analyzed. It is shown that this ICSMC algorithm leads to much improved control precision as compared
to LQR when piezoelectric hysteresis is present. This comparison clearly demonstrates the necessity of
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hysteresis compensation. Analyses are also provided to illustrate the improved tracking control and vibration
attenuation accuracy, enhanced control robustness under external disturbance, and better control action
smoothness of the proposed ICSMC as compared to conventional CSMC and IVSC.
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Appendix A. Dynamic equations of beam structure integrated with piezoelectric actuator

The equations of motion of a beam subject to piezoelectric actuator control (Fig. 3) can be derived using the
Hamilton’s principle. Following the procedure outlined in Ref. [20], we haveZ t2

t1

½dTb þ dTp � dUb � dUp þ dW v�dt ¼ 0, (A.1)

where subscript ‘‘b’’ and ‘‘p’’ refer to beam and piezoelectric actuator, respectively. T, Ub, Up and dWv are,
respectively, the kinetic energy of the integrated system, the potential energy of the beam, the elastic and
electrical energy of the piezoelectric actuator, and the virtual work term.

Using Eqs. (8a) and (8b) and beam theory, we have

T ¼ Tb þ Tp ¼
1
2

mb _q
2 þ 1

2
mp _q

2, (A.2)

Ub ¼
1
2

kbq2, (A.3)

where

mb ¼

Z lb

0

rbAbfðxÞ
2 dx; mp ¼

Z lb

0

rpApfðxÞ
2DH dx; kb ¼

Z lb

0

EbIb½q
2fðxÞ=qx2�2 qx. (A.4)
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Here, DH ¼ Hðx� xlÞ �Hðx� xrÞ, and H(x) is the Heavyside step function. All relevant notations are listed
in the nomenclature.

The electrical displacement D of the piezoelectric patch is discretized as

D ¼ cp. (A.5)

Using the constitutive relation (7a,b), the elastic and electrical energy variation of the piezoelectric actuator
can be obtained as

dUp ¼

Z
V

ðTdsþ EdDÞdV

¼

Z
V

½ðc̄D
11s� h31DÞdsþ ð�g31ðc̄

D
11 þ c̄D

12Þsþ 2h31g31Dþ fbT33DgÞdD�dV

¼ kpqdqþ kpqpdqþ kpeqdpþ kpDpdpþ Aphpcfb
T
33Dgdp, ðA:6Þ

where

kp ¼

Z lb

0

c̄D
11Ipz

q2fðxÞ
qx2

� �
DH dx,

kpq ¼

Z lb

0

Fph31
q2fðxÞ
qx2

� �
cDH dx,

kpe ¼

Z lb

0

Fpg31ðc̄
D
11 þ c̄D

12Þ
q2fðxÞ
qx2

� �
cDH dx,

kpD ¼

Z lb

0

Apð2h31g31Þc
2DH dx: ðA:7Þ

Three terms are involved in the virtual work, i.e., the voltage across the piezoelectric actuator, the external
disturbance, and the beam structure damping:

dW v ¼ Fedpþ F mdq� g _qdq, (A.8)

where

F e ¼

Z lb

0

V awpcDH dx; Fm ¼

Z lb

0

F ðx; tÞfðxÞdx; g ¼

Z lb

0

cbfðxÞ
2 dx. (A.9)

Substituting the kinetic energy, potential energy and virtual work into Eq. (A.7), assuming that the electrical
displacement is independent of the spatial coordinates, i.e., c ¼ 1, and assuming D ¼ Q=Ap, we have

m €qþ g _qþ kqþ k1Q ¼ F m, (A.10)

k2Qþ k3qþ hp bT33
Q

hplp

	 �
¼ Va, (A.11)

where

m ¼ mb þmp; k ¼ kb þ kp; k1 ¼
kpq

Ap

; k2 ¼
kpD

ðApÞ
2
; k3 ¼

kpe

Ap

. (A.12)

After we introduce the resistance/inductance shunt circuit, the system equation becomes

m €qþ g _qþ kqþ k1Q ¼ F m, (A.14)

L €Qþ R _Qþ k2Qþ k3qþ hp bT33
Q

hplp

	 �
¼ Vi. (A.15)



ARTICLE IN PRESS
X. Xue, J. Tang / Journal of Sound and Vibration 293 (2006) 335–359356
Appendix B. Continuous sliding mode control (CSMC) design

The derivation is similar to that of ICSMC. Let

z̄ ¼ ½fðlÞx1;x2;x3;x4�
T. (B.1)

Then Eq. (9) can be re-written as

_̄z ¼ Azz̄� Bf ðx3Þ þ BuþDFm, (B.2)

where

Az ¼

0 fðlÞ 0 0

�
k

m

1

fðlÞ
�

g

m
�

k1

m
0

0 0 0 1

�
k3

L

1

fðlÞ
0 �

k2

L
�

R

L

2
66666664

3
77777775
. (B.3)

We define the sliding manifold as

s ¼ CTz̄� c1rd . (B.4)

Let the control input be

u ¼ �K ~zþ f̂ ðx3Þ � ud , (B.5)

where

~z ¼ ½z̄1 � rd ; z̄2; z̄3; z̄4�
T. (B.6)

Applying the reaching condition (14), and using Eqs. (B.2) and (B.3), we have

s_s ¼ sCT½Azz̄� Bf ðx3Þ þ BuþDFm� � c1 _rd . (B.7)

Substituting Eq. (B.5) into Eq. (B.7) yields

s_s ¼ sCTBf½a� K �~zþ ½bþ grd þ t_rd � ud �g, (B.8)

where

a ¼ ðCTBÞ�1CTAz ¼ ½a1; a2; a3; a4�, (B.9)

b ¼ ðCTBÞ�1CTDFm þ Df , (B.10)

g ¼ �ðCTBÞ�1CTE; t ¼ �ðCTBÞ�1c1, (B.11,B12)

E ¼ 0;
k

m

1

fðlÞ
; 0;

k3

L

1

fðlÞ

� �T
; Df ¼ f̂ ðx3Þ � f ðx3Þ. (B.13,B.14)

Here we define

t̄ ¼
sup tþ inf t

2
. (B.15)

In order to satisfy the reaching condition (14), we may choose the following control parameters:

Ki ¼ āi þ ðsup ai � āi þ diÞ
sCTB̄~zi

l
; di40; i ¼ 1; 2; 3; 4, (B.16)

ud ¼ b̄þ ḡc5rd þ f½sup b� b̄� þ ð~g� ḡÞrd þ ð~t� t̄Þ_rd þ ddg
sCTB̄

l
; dd40, (B.17)
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where

~g ¼
sup g when rd40;

inf g when rdo0;

(
(B.18)

~t ¼
sup t when _rd40;

inf t when _rdo0;

(
(B.19)

l is again the boundary layer thickness of the sliding manifold.
Substituting Eqs. (B.16) and (B.17) into Eq. (B.8), we obtain

s_s ¼ e
X4
i¼1

½ai � āi�sCTB̄~zi þ ½ðb� b̄Þ þ ðg� ḡÞrd þ ðt� t̄Þ_rd �sCTB̄

(

�
X4
i¼1

ðsup ai � āi þ diÞðsCTB̄~ziÞ
2 1

l
� ½ðsup b� b̄Þ þ ð~g� gÞrd þ ð~t� t̄Þ_rd þ dd �ðsCTB̄Þ

1

l

)
. ðB:20Þ

Observe Eqs. (B.16) and (B.17). Clearly, if the following conditions are satisfied, the reaching condition (14)
can be guaranteed:

sCTB̄xi

�� ��4l; i ¼ 1; 2; 3; 4, (B.21)

sCTB̄
�� ��4l. (B.22)

The sliding manifold (B.4) can be derived using a similar pole placement procedure outlined in Section 3.2.
Appendix C. Integral variable structure control (IVSC) design

The classical design of IVSC involves the reaching mode and the sliding mode. By virtue of Eqs. (12) and
(9), we have

_s ¼ CT½Ax� Bf ðx3Þ þ BuþDFm� þ c5½rd � fðlÞx1�

¼ ½CTA� Af�x� CTBf ðx3Þ þ CTBuþ CTDFm þ c5rdz. ðC:1Þ

In what follows we let the control input be decomposed into the equivalent control input ueq and the
switching control input us:

u ¼ ueq þ us. (C.2)

The equivalent control input is defined as the solution of _s ¼ 0 under conditions that both the external
disturbance and the uncertainties are absent:

ueq ¼ �ðC
TB̄Þ�1½ðCTĀ� AfÞxþ c5rd � þ f̂ ðx3Þ. (C.3)

The switching part is used primarily for satisfying the reaching condition and also for overcoming the
external disturbance and the uncertainties. When the trajectory of the system is in the vicinity of the sliding
manifold, the switching part of the controller constraines the system to follow the sliding manifold. In theory,
the sign discontinuous function can be used as the switching control action [31,32]. However, the control
action triggered by the sign function is in the high frequency band and can lead to the chattering phenomenon
and excite the high frequency un-modeled dynamics of the system [22]. In order to alleviate the chattering
phenomenon, the sign function is generally replaced by a proper continuous function, which is further
improved by using a modified proper continuous function to account for different operating conditions [22]:

us ¼ �ZMxðsÞ, (C.4)
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where

MxðsÞ ¼
s

jsj þ x0 þ x1jfðlÞx1 � rd j
. (C.5)

Here x0 and x1 are positive constants.
It can be easily verified that when the constant switching gain Z is chosen in the following manner the

reaching condition (14) can be guaranteed:

Z ¼
X4
i¼1

ðsup aiÞjxij þ sup Df þ ðsup DDÞjF mj þ ðsup DBÞjrd j, (C.6)

where

DA ¼ ðCTB̄Þ�1ðCTĀ� AfÞ � ½C
TB��1½CTA� Af� ¼ ½a1; a2; a3; a4�, (C.7)

DB ¼ fðCTB̄Þ�1 � ½CTB��1gc5, (C.8)

DD ¼ ½CTB��1CTD. (C.9)

The sliding manifold can be derived using a similar pole placement procedure outlined in Section 3.2.
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